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LE'ITER TO THE EDITOR 

The general U,[s1(2)] invariant XXZ integrable quantum 
spin chain 

P P Kulisht and E K SklyanintOll 
t Leningrad Branch of Steklov Mathematical Institute, Fontanka 21, Leningrad 19101 I, 
USSR 
$ Research Institute far Theoretical Physics, University of Helsinki, Siltavuorenpenger ZOC, 
00170 Helsinki 17. Finland 

Received I8 February 1991 

Abstract. T h e  boundary conditions are constructed far the general XXZ quantum 
integrable spin chain such that the resulting system is invariant under the quantum algebra 
Uy[sl(2)] action. The result generalizes that due to Pasquier and Saleur, obtained for spin-$ 
and sdn-I.  

The open XXZ quantum spin-f chain characterized by the three-parametric 
Hamiltonian 

expressed in terms of the Pauli matrices U is well known to be exactly soluble. The 
spectrum and the eigenfunctions of %&, can be found via Bethe ansatz technique 
(Gaudin 1978, Alcaraz et a/ 1987, Sklyanin 1988). Note that Xqp+ commutes with the 
operator 

H =;(U;+. . .+U:).  (2) 

p * = T l  (3) 

Recently, Pasquier and Saleur (1990) noticed that if the relation 

is imposed the resulting one-parametric Hamiltonian Zq commutes also with the 
operators 

which, taken together with H, form a representation of the quantum algebra Uq[s1(2)] 
(Jimbo 1985, Faddeev et al 1988) 

HX*-X*H = +x* X + X - -  X - X + =  [2H], (5) 
where [x], = (4' -q-ij/(q - f:j. The same resuit is obtained aiso ior the spin-1 chain 
(Pasquier and Saleur 1990, Mezincescu et al 1990). 
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In the present letter we show how such an additional global symmetry can be 
understood in terms of the quantum inverse scattering method (QISM) (Faddeev 1984). 
Our treatment is based on the general R matrix approach to the boundary conditions 
for integrable quantum models developed by Sklyanin (1988). We prove that for a 
generic quantum spin system having the same R matrix as the X X Z  chain there exists 
such a boundary condition that the system is U,[s1(2)] invariant. Note that U,[s1(2)] 
invariance is shared not only by the simplest Hamiltonians like 7tq but also by the 
whole family of commutative quantum integrals of motion. Some results of the present 
letter were announced by Kulish and Sklyanin (1991). 

Consider the associative algebra T defined by the set of generators T,(A) ,  i, j E [ 1,2}, 
A E C forming a 2 x 2 matrix T ( A )  and by the quadratic relations 

R ( A / ~ ) + ( A ) ~  = + ( P ) + ( A ) R ( A / ~ )  (6 )  

where += 701, $ = I @  T, I is the unit 2 x 2  matrix and R ( A / p )  is the usual R matrix 
of the X X Z  spin chain 

c = - 9-' a = A ~ - ' ~ - A - ' ~ ~ - ~  b = Ap-' -A-'  P 

depending on the parameter 9. 
To any given representation of T there corresponds some integrable quantum 

system whose commuting integrals of motion (in case of the periodic boundary 
conditions) are given by the matrix trace t ( A )  = tr T(A)  = L ( A ) .  This fact lies in the 
basis of QISM (Faddeev 1984). 

Consider now the general non-homogeneous integrable quantum X X 2  chain which 
corresponds to the following representation of T 

T(A)= L N ( A d i ' ) .  . . L,(Ad;')L,(Ad;') ( 8 )  

where the local operators H,, X ;  commute for n, # n2 and for fixed n form irreducible 
representations of U,[s1(2)] ( 5 )  characterized by the values of the Casimir operators 

4fq-'H,]~+f(X~X,+X;X~)=[s.~,[s.+1],. 2 (10) 

To sum up, the representation considered depends on 2N parameters: 9-spins 
{sn}:-, and shifts {d.}:==,. We do not discuss here the conjugation properties of H., 
X :  since our approach is quite general and does not depend on any particular real 

No w we shall extract from T ( h )  the operators H, X *  defining the action of 
form of U,[sI(2)]. 

U,[s1(2)] in the representation space of T. Let us define the matrices 



Note now that the commutation relations (13) are none other hut the de ling 
relations for U,[s1(2)] written in the R matrix form (Faddeev et al 1989, Takhtajan 
1990). More explicitly, 

) (16) 
- ( q - q - l ) x -  

T _ =  ( - l ) N d  (‘iH 
T + = d - ’ (  q H  

where d = d , d 2 . .  . dN and the operators H, X *  
N 

(17) 
x*= 1 d ; l q H , +  ...+ H . _ , x +  - H . + L - . . . - H w  H = H ,  + H 2 + .  . .+ HN 

satisfy the U,[s1(2)] commutation relations ( 5 ) .  
In order to obtain from T ( h )  an open chain with appropriate boundary conditions 

on each end we shall use the general recipe proposed by Sklyanin (1988). The 
Hamiltonians ofthe integrable open X X Z  chain are generated by the commuting family. 

(18) 

where ?(pL-’) = u2T‘(p-’)u2 and the matrices K,(p) specifying the boundary 
conditions on each end of the chain are defined as 

“ 4  
“ = I  

~ ( p )  = tr K,(pq’/’) T ( p ) K - ( p q - ” ’ )  ? ( @ - I )  

and satisfy the relation 

then the integrals of motion ~ ( p )  (18) commute with the generators H, X *  (17) of the 
quantum algebra Uq[sl(2)],.or 

[T+,+)I=o VP. (21) 
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The proof of the theorem uses several identities listed below. First, note that the 
relation (12) and the fact that ? ( p )  is proportional to T - ’ ( p q )  up to a scalar factor 
(see Sklyanin 1988) imply the identity 

t f I 
kR, (pLlq)  T(pL-’) = T(p-l)R+(p-lq)  L.  (22) 

It is also easy to verify that the matrices K,(A) (20) and R&) (14) satisfy the 
relations 

. ~ ( A ) R ~ ( & ~ ( A )  = R , ( ~ A - ~ )  VE E (+, -}. (23) 

The last identity to be mentioned 

2 I 
tr,R;’(A)ZR,(A\q’)=I.trZ (24) 

holds for any 2 x 2 matrix Z and for all A. The simplest way to verify (24) is to make 
the matrix transposition for the second space in C 2 0 C 2  

2 
tr, R;’(A)iR,(Aq2) = tr2(R;l)‘z(h)R~(Aq2)Z‘ 

and to apply the identity (R;’)’z(A)Rk(Aq2) = IO I which is a remnant of the unitarity 
and crossing properties of R matrix (7), see (Sklyanin 1988). 

Now, in order to prove the identity (21) consider the product T d p ) .  Using (18) 
and the fact that K + ( p )  is a c-number matrix one obtains 

1 2  2 2  
++T(p) = tr, T*K(pqI’2) T(p)K-(pq-I”) + ( p - ~  

2 1 2  2 z 
= tr, K(pq1’2)T*T(p)K~(pq-1’2)T(pL-1)  =. 

Then one uses consecutively the identities (12), (23) and (22) 

2 1  2 z 
. . . = tr, k+(pq”2)R;’(pC)T(p)TIRI(p)K-(pq-1’2)T(pL’) 

2 t 
= tr2 R ; ’ ( p - ’ q - ” K + ( p q ’ ’ 2 ) ~ ( p ) ~ ~ ~ - ( p q - 1 ’ 2 ) R ~ ( p - ’ q ) T ( p - i )  

= tr, R;1(pL-1q-1)k+(pq1/2) + ( p ) k ( p q - ’ ” )  ++R*(p-’q) ?%.-I) 

2 

I 
(25) = tr2(Ri’(p- I q --I )K(pq1’2)+(p)k-(pq~1’2) +(p-I)R,(pL1q)) T,. 

Finally, using (24) for Z = K+(pL41’2)T(p)K(pq-”2)~(p-’)  and A = pL’q-’ one 
transforms (25) into 

z 
tr2(k+(pql/2) + ( p ) k ( p q - l ’ 2 )  ~ ( p - l ) )  ++ = +) +* 

which completes the proof of the theorem. 
In case when H., X: form finite-dimensional irreducible highest weight representa- 

tion of U,[sl(2)] (Jimbo 1985, Sklyanin 1983) the spectrum of ~ ( p )  can be determined 
by means of the algebraic Bethe ansatz. It suffices to apply the general formulae given 
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in (Sklyanin 1988) for the case of the matrices K ,  given by (20). The result is formulated 
most conveniently using the variables U = In p, 7 = In q, S. =In d.. The eigenvalues 
Of T( U )  

sinh(2u + 7 )  sinh( u -U, - q )  sinh(u + U, - q )  
.(U)' S+(u)S-(-u) n sinh2u ,=, sinh(u- U,) sinh(u+ U,) 

sinh(2u - 7) 
sinh 2u 

+ S+( - U )  a-( U )  

sinh(u - U, + 7)  sinh(u + U, + 7) 
sinh(u - U,) sinh(u + U,) x n  ,=, 

are parametrized by the solutions ( q ,  . . . , U,) of the Bethe equations 

where S,(u) =II."=, sinh(u-6, isq7) .  
The results established in the present letter allows one to construct local two-point 

U,[s1(2)] invariant integrable Hamiltonians like (1) for homogeneous (S. GO, s.= s) 
spin chains. It can be done with a proper generalization of the fusion procedure 
described for spin-1 case by Mezincescu et a /  (1990). It would be interesting to study 
the critical properties of these Hamiltonians, see (Alcaraz et a/ 1987) for spin-; and 
(Martins 1990) for spin-1 cases. Another interesting problem is possible generalization 
of our results to other quantum algebras, for example U,[sl(N)]. 

One of us (ES) acknowledges the hospitality extended to him at Helsinki University. 
This work was supported in part by the Finnish Academy of Sciences. 
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